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Two recent papers (Nickerson, Facey, and Grossman 1989; Yeager and Ultsch 
1989) have addressed the question of analyzing critical points or thresholds 
in physiological data. These thresholds are characterized in a plot of response 
against some environmental variable by two linear segments that join at a 
point where there is an abrupt change in slope. In both papers the approach 
involves splitting the data into two sets on either side of a putative transition 
and fitting straight lines to each set. This putative transition is progressively 
shifted along the abscissa, and the data repeatedly analyzed. Once the anal- 
ysis that yields the "best fit" has been found, the transition point is located 
by determining where the two linear segments intersect. 
Occasionally, this intersection point will not fall between the abscissa 
values at the right end of the left linear segment and the left end of the 
right segment. The two methods differ in the way this situation is handled. 
Nickerson et al. (1989) determine a constrained best fit by forcing the tran- 
sition point to coincide with one of the abscissa values. In contrast, Yeager 
and Ultsch (1989) define the transition point as midway between the abscissa 
values that span the transition. 
Yeager and Ultsch (1989) have pointed out that the method of Nickerson 
et al. (1989) can yield unrealistic slopes in some instances. This criticism 
seems to apply mainly when the response undergoes an apparent shift at 
the transition point, a situation for which Nickerson et al. (1989) acknowl- 
edge their method is unsuitable. In most instances the two methods are 
likely to give a similar result. 
While both methods are likely to give reasonable results with little sub- 
jective bias, each fails to give information on the statistical reliability of the 
estimated transition point. That is, the methods give a value for the position 
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of the transition point, but neither provides an estimate of the standard 
errors. 
Some years ago, Watts and Bacon (1974) discussed the analysis of data 
concerning the settling of sediment in an unagitated fluid. This phenomenon 
is characterized by two straight line segments joined by a short transition 
region. Duggleby (1984) later applied their analysis to Arrhenius plots, in 
which the logarithm of the rate of a physical, chemical, or biological process 
is plotted against the reciprocal of the absolute temperature. Duggleby 
(1984) also showed examples of analyses where the transition was abrupt 
and provided a computer program to perform the analyses. This program 
provides values and standard errors for both the x and y coordinates of the 
transition point, and for the activation energies, which are proportional to 
the slopes of the two linear segments. These standard errors are calculated 
from the asymptotic approximation to the variance-covariance matrix ob- 
tained by inversion of the Hessian matrix; a clear exposition of this method 
was given by Cleland (1967). 
It appears that neither Yeager and Ultsch (1989) nor Nickerson et al. 
(1989) are aware of Duggleby's work although it is directly applicable to 
the phenomena they describe. The purpose of the present paper is to alert 
other physiologists who may also be unfamiliar with the earlier paper. We 
also present an extension to that analysis that allows, with certain restrictions, 
for a shift in the ordinate at the transition point. 
Theoretical Relationship 
It is assumed that there is a response (y) that has been measured at several 
values of a variable (x). At some transition point (XT,y,), the slope changes 
from mL to the left of the transition, to mR to the right of the transition. The 
mathematical description of this situation is given by 
Y = YT + [(mL+ mR)(X- XT) - (mL- mR) I- xTI]/2. (1) 
To the left of the transition (x < XT) this simplifies to 
Y = YT + mL(x- T), (2) 
a straight line of slope mL passing through the point (X ,yT). Similarly, to 
the right of the transition (x > x,) equation (1) simplifies to 
y = yT + mR(X- T), (3a) 
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which is a straight line of slope mR, again passing through the point (XT,yT). 
If a shift (Ys) in the response at the transition is allowed, equation (3a) is 
replaced with 
Y = YT + mR(x- T) + Ys. (3b) 
Computer P ogram 
The computer program (DNRP53) described by Duggleby (1984) is a gen- 
eral nonlinear regression program that will fit a variety of equations to ex- 
perimental data by minimizing the sum of the squares of the differences 
between the equation and the data. In the specific case of equation (1), the 
program will allow four parameters (XT, YT, mL, and mR) to be estimated. 
The program is written in BASIC and as a result can be run on most personal 
computers. A copy of the program on a 13-cm disk is available from the 
authors. 
Two sets of test data were used to validate the analysis advocated here. 
The first is an artificial experiment given in table 1 of Nickerson et al. (1989). 
The second concerns 02 consumption by a submerged salamander as a 
function of 02 tension, which is depicted in figure 2 (upper panel) of Yeager 
and Ultsch (1989) and was obtained from G. R. Ultsch (personal commu- 
nication). Both the present and previously published analyses of the artificial 
data give the same transition point at an abscissa value of 5.160, the only 
difference being that the present method also gives a value (0.278) for the 
standard error. Each method gives the same response value (2.662) at the 
transition, although Nickerson et al. (1989) do not calculate this value. Again, 
the present method also gives a value (0.180) for the standard error. Finally, 
the slopes obtained (mL = 0.7000 o 0.1061 and mR = -0.5500 o 0.1061) 
by each of the three methods are identical. Thus, for these data, the present 
method gives identical results but has the advantage of giving values for the 
standard errors of all four parameter estimates. 
Initial analysis of the 61 measurements of 02 consumption by a submerged 
salamander using equations (2) and (3a) (no ordinate shift) gave a transition 
at x = 37.05 mmHg, but examination of the data (fig. 1) clearly indicates 
that there is a shift in the response near 30 mmHg. Reanalysis with allowance 
for a shift (eqq. [2] and [3b]) gave a transition point at 29.66 o 0.23 mmHg 
and a considerably better fit, as judged by the sum of squares, which was 
reduced from 141.17 to 80.37. 
The estimated 02 consumption at the transition was 14.55 o 0.50 pL 02 
g-1' h-l, with an associated shift of 6.39 o 0.58 gL 02 ' g-1 
. 
h-'. However, 
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Fig. 1. Analysis of data concerning 02 consumption by a submerged sala- 
mander. Equations (2) and (3a) were fitted to data for the 126-g Nectu- 
rus maculosus (Yeager and Ultsch 1989); this analysis gave a transition 
at an 02 tension of 37.05 mmHg (dotted lines). Refitting with eqq. (2) 
and (3b) gave the solid lines with a transition at 29.66 mmHg. Apart 
from the small spur from 29.66 to 37 05 mmHg, the right linear segment 
is almost coincident with the corresponding dotted line and has been 
omitted for clarity. The inset shows the region around the transition from 
the second fit (corresponding to line b) in more detail. Alternative, and 
equally good, fits are obtained from lines a and c. 
some caution needs to be exercised in interpreting this shift and the co- 
ordinates of the transition point. The reason for this caution is illustrated 
in the inset of figure 1, which focuses on the data around the transition. 
Within the limits between the abscissa value of the rightmost point on the 
left linear segment and that of the leftmost point on the right segment it is 
possible to choose an infinite number of combinations of ys, XT, and yT that 
fit the data equally well. Line b in the inset of figure 1 corresponds to the 
response shift given by the fit described earlier; line a (ys = 6.66 pL 02 , 
g-1 
1 h-' at xT = 29.00 mmHg and yT = 14.29 gL 02 - g-1 h-l) and line 
c (ys = 6.24 LL 02 g-1 * h-1 at T = 30.00 mmHg and yT = 14.71 pL 02 
g-1 
o 
h-1) are equally good descriptions of the data. 
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Nickerson et al. (1989) have discussed statistical methods, based on the 
F-test, to compare alternative interpretations of these types of data. An ex- 
ample might be to test whether the slope of the right limb in figure 1 is 
zero. This is easily done with the DNRP53 computer program used here, 
which has a "masking" capability by which one or more of the parameters 
are treated as fixed constants rather than as values to be estimated by regres- 
sion. Applying this approach to the salamander 02 consumption data and 
setting mR = 0 increased the sum of squares only marginally, to 80.58, from 
which an F-value of 0.38 was calculated. This is a very low value, and it is 
reasonable to conclude that the slope of the right limb may indeed be zero. 
Conclusions 
We propose a method for analyzing data that are characterized by two regions 
of differing slope. The method involves fitting the data to a pair of straight 
lines that are constrained to meet at a point. If warranted by the data, an 
ordinate shift at this point can also be included and estimated. Unlike pre- 
viously described methods in the physiological literature, the present 
method gives values and standard errors for the coordinates of the transition 
point, as well as similar information concerning the slopes of the linear 
segments on either side of this point. The program used in this work, which 
was described in greater detail elsewhere (Duggleby 1984), can be run on 
most personal computers. 
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